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Abstract

In the face of investment risk, investors generally diversify and form an investment portfolio consisting of several
assets. The problem is the fiery proportion of funds that must be allocated to each asset in the formation of
investment portfolios. This paper aims to study the optimization of the Markowitz investment portfolio. In this
study, the Markowitz model discussed is that which considers risk tolerance. Optimization is done by using the
Lagrangean Multiplier method. From the study, an equation is obtained to determine the proportion (weight) of
fund allocation for each asset in the formation of investment portfolios. So by using these equations, the
determination of investment portfolio weights can be determined by capital.

Keywords: Investment risk, diversification, portfolio, the weight of fund allocation, optimization, Lagrange
multiplier.

1. Introduction

Investment Portfolio is a group of investments owned by an institution or individual. The form can
vary, such as bonds, mutual funds, property, stocks, and other investment instruments. For people who
invest in shares, there is also the term Stock Portfolio, which is a collection of investment assets in the
form of shares. In a portfolio, an investor can diversify into various investment products to produce
optimal returns & minimize risk (Ardia and Boudt, 2013). This is by the advice to not put all eggs in one
basket so that all eggs do not break if the basket falls. With diversification, the risk borne in an
investment can be reduced because all money is not put into one investment instrument. The more assets
(basket), the lower the risk (Bjork et al., 2011).

Refer to Panjer et al. (1998) and Ruppert (2004), Markowitz’s in 1952 had popularized efficient
portfolio selection methods. For example, given p portfolio with W weight vector, investors have two
objectives (objective), namely: (i) Maximizing the expected value My of portfolio returns, and (ii)
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Minimizing portfolio risk, which is measured by o2 or o, . Based on individual preferences, an

investor puts weight on these two different goals, andp maximizes them. Refer to Garcia et al. (2015),
Harry Markowitz explained that to minimize risk and still get a sizeable return, it can be done by forming
a portfolio. This statement is supported by research by Mangram (2013) and Parmar (2014). According to
Kamil et al. (2006) and Sirucek & Lukas (2015), the determination of the optimal portfolio can be done
in several ways, one of them with the Markowitz model. The Markowitz model assumes that investors
choose two considerations when building an investment portfolio, namely expected returns and risks in
return.

Based on the description above, this paper intends to conduct a theoretical study of the optimization of
the Markowitz investment portfolio. The aim is to obtain an equation form that can be used to determine
the weight value of the allocation of funds for each asset in the formation of investment portfolios. The
resulting equation is very useful for investors to determine the weight of fund allocation easily.

2. Materials and Methods

The material used in this study is Markowitz's investment portfolio model, which considers investor
risk tolerance. The study methods used include the formation of mean vectors, the formation of
covariance matrices, formation of average equations and variance of portfolios, the formation of
investment portfolio models in the form of Markowitz mean variants, where the optimization process
used is Lagrangean multiplier, and Kuhn-Tucker's theorem.

3. Results and Discussion

Suppose there are N risk assets (ordinary shares or stock indexes, and the like) with a returnr, ..., ry .

It is assumed that the first and second moments of the r;,..., ry exist (Panjer et al., 1998). Then the return
expectation value vector is given by

w' = (g, pty), With gz =E[r], i =1,...,N
and the covariance matrix is given by

N
As explained earlier, portfolio returns with a weight vector of W' = (W,...,w ), where Zwi =1lis

i=1
required, are given by equation (4.2.1). Expectations of portfolio returns in equation (4.2.2) can be
expressed using vector equations as

T

ty =E[r,]=p w, €3]
and the variance equation (4.2.3) becomes

2 T

op =Var(r,)=w Xw . )
In the Mean-Variance optimization, an efficient portfolio is defined as follows.
Definition 1. A p* portfolio is called (Mean-Variance) efficient if there is no p portfolio with
My 2 ppx and 0'5 < 0'5* (Panjer et al., 1998; Rupert, 2004).
To get an efficient portfolio, usually using objective functions to maximize

22',up—0'§ , 720 (3)
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where is the risk tolerance parameter z of the investor, means, for investors with risk tolerance 7
(z = 0) must resolve portfolio problems

N
Maxinlize {27, - O'S}With the provision of Zwi =1, 4)
weR i=1
or
MaxinNﬂze{ZTuTw —w' Zw} with the provision of e'w =1 (5)
weR

by e =(1, 1, ...,) e R . It is important to note that settlement (5), for all 7 €[0,0), forms a

complete set of efficient portfolios. The set of all points in the diagram- (,up,af)) relating to an efficient
portfolio is called an efficient surface, as given by Figure 1.
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Figure 1: Efficient portfolio set

An efficient portfolio that matches 7 =0 is called the minimum variance of the wMin portfolio
(Kheirollah & Bjarnbo, 2007; Panjer et al., 1998).

The mathematical nature of the optimization problem (4.4.5), because the covariance matrix X is
semi-definite positive, the objective function is quadratic convex. Thus, (5) is a matter of quadratic
convective optimization (Panjer et al., 1998). The Lagrange multiplier function of the problem of
portfolio optimization is given by

LW, ) =2 w—w' Zw+A(w'e-1) . (6)
Based on the Kuhn-Tucker theorem, the optimality condition of equation (6) is
oL
—=2tn—-2Xw+de=0 7
oy M (")
oL

T
—=we-1=0 8
Y} (8)
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Equations (7) and (8) are necessary and sufficient conditions for global optimum. In addition, it is also
linear in weight portfolio wand in the Lagrange multiplier 4 (Kheirullah & Bjarnbo, 2007; Rupert,
2004; Panjer, 1998).

To calculate the set of efficient portfolios it is assumed: (i) X is a positive definite matrix, and (ii)
vectors € and p are linearly free.

Efficient Portfolio Set. Let 7 =0 is determined, solving equations (7) and (8) results in a minimum
portfolio of variances with a weight vector

Z‘
After going through several calculations, to 7 >0 obtalned
1 TZ l.l -1
wr=—-—_¥letr| X° X ©)
e'xle [ ” e Z_le J
or
Min o'zt ll 1o
W*=W"" +72%  with Z¥=X"p—— ): (10)
e’y

To summarize, all efficient portfolios have the same form

wx=wM" 4 7z* >0 (11)
where W™ is the minimum variance portfolio, which depends on the X covariance matrix but not on
the p vector, while w* depends on X and p, and has properties

N
>z =0
i=1

Therefore, W* is a portfolio of self-financing in the sense that long positions are cashed in by short
positions (Panjer, 1998).
Efficient surface. Formula (11) can be used to determine the surface efficiently, using

Cov(r i, F+) = zTxwMin — 0

Min

obtained
/Jp* :/UpMin +T1le* )
and
2 2 2 2
Jp* =Jp|\/|in +7 GZ*

Therefore, the efficient surface is parabolic in the (,up,as) -diagram if the risk is measured with a%,

and hyperbolic inthe (4, o) -diagram if the risk is measured with o, (Panjer, 1998).
4. Conclusion
In this paper, a study has been carried out on optimizing the investment portfolio of the Markowitz

model. From the results of the study, it can be concluded that the portfolio optimization discussed
considers risk tolerance, and an equation form has been obtained to determine the weight of the fund
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allocation for each asset in the investment portfolio. Besides, the discussion also obtained an efficient
surface curve which is a set of points of the mean and variance pairs for each risk tolerance value formed.
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